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Abstract

Laminar ®lm condensation along a vertical plate ®n in the presence of a noncondensable gas is numerically investigated. In the

present analysis, the gas mass fraction and temperature at the liquid±vapor interface is regarded as the spatial variation along the ®n

surface. Governing boundary layer equations together with their corresponding boundary conditions for the condensation system

and the one-dimensional ®n heat conduction equation with its negligible tip leakage are cast into dimensionless forms. The resulting

system of equations is solved by using the central ®nite-di�erence approximation for the ®n and local nonsimilarity method for

boundary layer equations. Results show that the ®n e�ciency decreases with increasing the thermal resistance ratio of ®n-to-liquid

Nc, and relatively small amounts of the noncondensable gas in the bulk of the vapor have a signi®cant e�ect on the ®n e�ciency for

small values of Nc. In addition, the interface temperature is not equal to the ®n temperature along the vertical ®n, and the local heat

transfer coe�cient is not uniform, either. Ó 1998 Elsevier Science Inc. All rights reserved.
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Notation

cL similarity variable, f��qL ÿ qv�gaL3�=�4m2
LqL�g1=4

cm similarity variable, �XgaL3=�4m2
m��1=4

cpL speci®c heat of condensate, J kgÿ1 Cÿ1

Dm mass di�usivity, m2 sÿ1

E ®n e�ciency, 0:375Q��Ja=PrL�1=4

f ; F reduced stream functions
ga gravitational acceleration, m sÿ2

hfg latent heat of condensate, J kgÿ1

hiso heat transfer coe�cient for a pure saturated vapor,
�4kLcL=�3L���PrL=Ja�1=4

, W mÿ2 Cÿ1

h� dimensionless local heat transfer coe�cient,
ÿnÿ1=4��@h=@gL�=h�gL�0

Ja Jakob number, cpL�T1 ÿ T0�=hfg

k thermal conductivity, kg m sÿ3 Cÿ1

L ®n length, m
_m condensation rate per unit area, kg mÿ2sÿ1

Nc thermal resistance ratio of ®n-to-liquid, LkLcL=�kf t�
Pr Prandtl number, m=a
p total pressure of the system, atm
pvi vapor pressure at the interface, atm
q��x� dimensionless local heat ¯ux, qL=�kLcL�T0 ÿ T1��
Q� dimensionless total heat ¯ux, QL=�kLcL�T0 ÿ T1��
Sc Schmidt number, mm=Dm

T condensate temperature, C
Tf ®n temperature, C

Ti interface temperature, C
Tm temperature in the vapor±gas layer, C
T0 base temperature of the ®n, C
t half thickness of the ®n, m
u; v condensate velocities in the x- and y-directions, m sÿ1

um; vm mixture velocities in the x- and y-directions, m sÿ1

Wg gas mass fraction, qg=qm

Wgi gas mass fraction at the interface
Wg1 bulk mass fraction of gas
Wv vapor mass fraction, qv=qm

x; y Cartesian coordinates, m

Greek
q condensate density, kg mÿ3

l dynamic viscosity, kg mÿ1 sÿ1

m kinematic viscosity, m2 sÿ1

n dimensionless variable, x=L
gL similarity variable, cLy=�Ln1=4�
gm similarity variable, cm�y ÿ d�=�Ln1=4�
h dimensionless condensate temperature,

�T ÿ T1�=�T0 ÿ T1�
hm dimensionless temperature in the vapor±gas layer,

�Tm ÿ T1�=�T0 ÿ T1�
/ mass fraction di�erence, Wg ÿ Wg1
wL reduced stream function for the condensate,

4mLcLn3=4f �n; gL�
wm reduced stream function for the vapor±gas mixture,

4mmcmn3=4F �n; gm�
a thermal di�usivity, m2 sÿ1

X constant, �Mg ÿMv�=�Mg ÿ �Mg ÿMv�Wg1�* Corresponding author.
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1. Introduction

The use of condensing ®ns is very extensive in the applica-
tions of heat exchange. To investigate heat-transfer character-
istics of a condensing ®n, the conjugate problem with the
boundary layer equations on the condensation side and the
®n heat conduction equation must simultaneously be consid-
ered. However, only a few investigators (Acharya et al.,
1986; Burmeister, 1982; Lienhard and Dhir, 1974; Nader,
1978; Patankar and Sparrow, 1979; Sarma et al., 1988) studied
laminar ®lm condensation on a vertical ®n. In these works, the
saturated vapor did not contain the noncondensable gas. Pa-
tankar and Sparrow (1979) solved the coupled problem of con-
densation on an extended surface. Lienhard and Dhir (1974)
investigated the case of laminar ®lm condensation on various
geometries without considering the e�ect of the interfacial re-
sistance. Acharya et al. (1986) proposed two simpler methods
to calculate the ®n e�ciency of laminar ®lm condensation on
various ®n shapes. Sarma et al. (1988) studied laminar ®lm
condensation on a vertical plate ®n with the variable thickness.
Recently, Chen et al. (1994) applied the central ®nite-di�erence
approximation and the local nonsimilarity method (Sparrow
and Yu, 1971) to calculate the ®n e�ciency of a vertical con-
densing ®n for a pure saturated vapor.

It is well known that the presence of a noncondensable gas
in the bulk of the vapor can signi®cantly lower the condensa-
tion rate below that for a pure vapor. An early experimental
study by Othmer (1929) has shown that the heat transfer
may be reduced by 50% or more due to the existence of a very
small amount of air in the bulk of the vapor. Sparrow and co-
workers (Sparrow and Lin, 1964; Minkowycz and Sparrow,
1966) have successfully applied boundary layer approxima-
tions to analyze the problem of condensation from a vapor±
gas mixture on an isothermal vertical surface in the absence
of forced convection. Their numerical results showed that
the presence of a very small amount of a noncondensable
gas in the bulk of the vapor could cause a large buildup of
the noncondensable gas at the liquid±vapor interface. This
buildup will lead to the reduction of the partial pressure of
the vapor at the interface. The predicted results of Sparrow
and Lin (1964) agreed with the experimental results given by
Othmer (1929). However, the e�ects of temperature on the
mixture density and heat transfer in the vapor±gas mixture
were not considered in the work of Sparrow and Lin (1964).
Sleger and Seban (1970) compared their experimental results
with the numerical results given by Minkowycz and Sparrow
(1966). They found that the measured condensation rates were
about 20 percent above the predictions given by Minkowycz
and Sparrow (1966). In these works (Sparrow and Lin, 1964;
Minkowycz and Sparrow, 1966), the ripples at the liquid±va-
por interface were not considered. Fujii et al. (1992) applied
the similarity method to solve the two-phase boundary layer
equations for free-convection condensation of an air±steam
mixture on a vertical ¯at surface in the bulk air concentration
range from 0.18 to 0.98 at 100 kpa. Recently, Coney et al.
(1989) theoretically investigated the performance of a cooled
longitudinal ®n in a moist air¯ow. Panchal (1993) developed
a simpli®ed method to calculate the ®n e�ciency for condensa-

tion of a vapor in the presence of noncondensable gases. It is
found from this work that heat- and mass-transfer coe�cients
are assumed constant along the ®n surface. At the same time,
the interface temperature is also assumed equal to the ®n tem-
perature in their calculation procedure. This assumption im-
plies that the temperature drop across the liquid ®lm is
negligible.

The present study is concerned with laminar ®lm condensa-
tion along a vertical plate ®n in the presence of a noncondens-
able gas. In the present study, the one-dimensional ®n heat
conduction equation and boundary layer equations for liquid
and vapor±gas regions must simultaneously be solved. It
should be noted that the gas mass fraction Wgi and temperature
Ti at the liquid±vapor interface are not known a priori for the
present problem and must be determined as parts of the solu-
tion. Obviously, the calculation of the ®n e�ciency for the
present study is more di�cult than that for condensation in
the absence of a noncondensable gas (Chen et al., 1994). It
can be found from the work of Minkowycz and Sparrow
(1966) that the e�ect of thermal di�usion and di�usional con-
duction on the local wall heat ¯ux played a negligible role in
the condensation of steam when air was regarded as a noncon-
densable gas. Based on this reason, the e�ect of thermal di�u-
sion and di�usional conduction on the ®n e�ciency will not be
considered in the present study. The main purpose of the pres-
ent study is to investigate the e�ect of Nc and the amount of
the noncondensable gas in the bulk of the vapor Wg1 on the
®n e�ciency.

2. Mathematical formulation

A schematic diagram of the physical model with the coordi-
nate system is shown in Fig. 1. A vertical plate ®n of thickness
2t and length L �L� t� is attached to a wall at temperature T0

and is placed in the vapor containing a noncondensable gas.
Far away from the ®n, the vapor±gas mixture has a prescribed
temperature T1 and a prescribed gas mass fraction Wg1 � T1 is
assumed to exceed T0. The total pressure of the vapor±gas mix-
ture is p. Due to the action of gravity, a continuous laminar
®lm of condensate ¯ows downward along the ®n in a steady
state. The velocity of the vapor±gas mixture in the x-direction
approaches zero at some distance away from the liquid±vapor
interface. Consequently, there simultaneously exist liquid and
vapor±gas boundary layers. Assume that the e�ect of thermal
di�usion and di�usional conduction is negligible, and the con-
densate along the vertical ®n forms a laminar, nonrippling
®lm. In addition, some assumptions made in the analysis for
the isothermal case (Sparrow and Lin, 1964) are also applied
to analyze the present problem. To further reduce the real
problem to a soluble problem, the e�ect of condensate drain-
age characteristics on the ®n e�ciency will be neglected. It is
worth mentioning that this consideration was not taken in
the works of Coney et al. (1989) and Panchal (1993). Due to
the above assumptions, the boundary layer equations express-
ing the conservation of mass, momentum, energy and species
in the liquid and vapor±gas layers are respectively given:

Liquid layer:

@u
@x
� @v
@y
� 0; �1�

u
@u
@x
� v

@u
@y
� ga 1ÿ qv

qL

� �
� mL

@2u
@y2

; �2�

u
@T
@x
� v

@T
@y
� aL

@2T
@y2

; �3�

Subscripts
f ®n
g noncondensable gas
i interface
L condensate
m mixture
v vapor
1 bulk
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where x and y are Cartesian coordinates; u and v denote the ve-
locity components of the condensate in the x- and y- directions,
respectively; T is the condensate temperature; ga is the gravita-
tional acceleration; qL and qv are the densities of the conden-
sate and the vapor, respectively; mL is the kinematic viscosity of
the condensate; aL is the thermal di�usivity of the condensate.
The variation of ¯uid properties is neglected, and the viscous
dissipation term is omitted from the energy equation since it
is negligibly small.

Vapor±gas layer: If a noncondensable gas is present, the
boundary layer equations in the vapor±gas region can be writ-
ten as (Sparrow and Lin, 1964):

@um

@x
� @vm

@y
� 0; �4�

um

@um

@x
� vm

@um

@y
� ga 1ÿ q1

qm

� �
� mm

@2um

@y2
; �5�

um

@Wg

@x
� vm

@Wg

@y
� Dm

@2Wg

@y2
; �6�

um

@Tm

@x
� vm

@Tm

@y
� am

@2Tm

@y2
; �7�

where um and vm denote the velocity components of the vapor±
gas mixture in the x- and y-directions, respectively; Tm is the
temperature of the vapor±gas mixture; Wg is the gas mass frac-
tion; q1 and qm are the bulk density and the density of the
vapor±gas mixture, respectively; Dm is the mass di�usivity;
mm is the kinematic viscosity of the vapor±gas mixture; am is
the thermal di�usivity of the vapor±gas mixture. It should be
noted that ¯uid properties in the vapor±gas region correspond
to average mixture properties.

The mass fractions of gas and vapor can be expressed as

Wg �
qg

qm

; Wv � qv

qm

;

qm � qv � qg; Wg � Wv � 1; �8�
where Wv is the vapor mass fraction and qg is the density of the
noncondensable gas.

The term 1ÿ q1=qm can be obtained from the work of
Sparrow and Lin (1964) as

1ÿ q1=qm � X�Wg ÿ Wg1�; �9�
where

X � Mg ÿMv

Mg ÿ �Mg ÿMv�Wg1
;

Wg1 is the gas mass fraction far away from the liquid±vapor
interface.

The boundary conditions for the boundary layer equations
are

u � v � 0; T � Tf�x� at y � 0; �10a�
um ! 0; Tm ! T1; Wg ! Wg1 as y !1; �10b�
u � 0 at x � 0; y P 0; �10c�
where Tf and T1 denote the ®n temperature and the bulk tem-
perature, respectively.

In order to complete the formulation of the problem, it is
necessary to provide the following compatibility requirements.
These compatibility requirements at the liquid±vapor interface,
y � d, are the no-slip condition, shear force continuity, mass
conservation, energy conservation, phase equilibria and inter-
face impermeable to the noncondensable gas. They can be ex-
pressed as

u � um; �11a�

_m � qL u
dd
dx
ÿ v

� �
� qm um

dd
dx
ÿ vm

� �
; �11b�

lL

@u
@y
� lm

@um

@y
; �11c�

T � Tm � Ti�x�; �11d�
Wg � Wgi�x� �11e�
and

kL

@T
@y

����
y�d

ÿ km

@Tm

@y

����
y�d

� _m hfg at y � d; �11f�

where _m is the condensation rate per unit area; lL and lm de-
note the dynamic viscosities of the condensate and the vapor±
gas mixture. The ®lm thickness of the condensate d is not
known a priori and is one of the result of the present study.

The di�usive transport of gas, jg, can be expressed as

jg � ÿqmDm

@Wg

@y
: �12�

Due to the fact that the interface is impermeable to the non-
condensable gas, it follows that the interfacial mass ¯ux of the
noncondensable gas is zero. This impermeability condition can
be written as

qg um

dd
dx
ÿ vm

� �
ÿ jg � 0 at y � d: �13�

However, it should be noted that the interface temperature
Ti�x� in Eq. (11d) and the gas mass fraction at the interface
Wgi�x� are two important unknowns of the present problem.

Fig. 1. Schematic representation of the system.
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The one-dimensional heat conduction equation for a thin
®n with its negligible tip leakage of heat can be written as

d2Tf�x�
dx2

� h�x�
kf t
�Tf�x� ÿ T1�; �14�

where kf is the thermal conductivity of the ®n and h�x� is the
local heat transfer coe�cient based on the di�erence of the
®n temperature and the bulk temperature. Eq. (14) is subjected
to the following boundary conditions:

dTf

dx
� 0 at x � 0; �15a�

Tf � T0 at x � L: �15b�

3. Local nonsimilarity method

The continuity Eqs. (1) and (4) can be satis®ed by introduc-
ing stream functions wL and wm, where u � @wL=@y,
v � ÿ@wL=@x, um � @wm=@y and vm � ÿ@wm=@x. The remain-
ing di�erential equations and boundary conditions must be
provided because the local nonsimilarity method will be ap-
plied to solve the present problem. To do this, a dimensionless
coordinate n is ®rst introduced as

n � x=L: �16�
In addition, the dimensionless constants cL and cm, similarity
variables gL and gm, reduced stream functions f and F , mass
fraction di�erence / and dimensionless temperatures h and
hv are also de®ned as follows:

Liquid layer:

cL � f��qL ÿ qv�gaL3�=�4m2
LqL�g1=4; gL � �cLy�=�Ln1=4�;

wL � 4mLcLn3=4f �n; gL�; h � �T ÿ T1�=�T0 ÿ T1�: �17�

Vapor±gas layer:

cm � �XgaL3=�4m2
m��1=4

; gm � �cm�y ÿ d��=�Ln1=4�;
/ � Wg ÿ Wg1;

wm � 4mmcmn3=4F �n; gm�; hm � �Tm ÿ T1�=�T0 ÿ T1�: �18�
Substituting Eqs. (17) and (18) into Eq. (11b) in conjunc-

tion with the de®nition of the stream functions wL and wm

yields

_m � qLcLmL 4n
@f
@n
� 3f

� �
�Ln1=4�

.
� qmcmmm 4n

@F
@n
� 3F

� �
�Ln1=4�:

.
�19�

Due to the introduction of the above parameters, the mo-
mentum, energy and di�usion equations for the liquid and va-
por±gas layers can be transformed into a set of the
dimensionless forms:

f 000 � 3ff 00 ÿ 2�f 0�2 � 1 � 4n�f 0S0 ÿ f 00S�; �20�
h00=PrL � 3f h0 � 4n�f 0uÿ h0S�; �21�

F 000 � 3FF 00 ÿ 2�F 0�2 � / � 4n�F 0G0 ÿ F 00G�; �22�
h00m=Prm � 3F h0m � 4n�F 0um ÿ h0mG�; �23�
/00=Sc� 3F /0 � 4n�F 0cÿ /0G�; �24�
where S � @f =@n, u � @h=@n, G � @F =@n, um � @hm=@n and
c � @/=@n; PrL is the condensate Prandtl number; Prm is the

vapor±gas Prandtl number and Sc is the Schmidt number.
They are de®ned as

PrL � mL=aL; Prm � mm=am; Sc � mm=Dm: �25�
Eqs. (20)±(24) together with their corresponding boundary

conditions can approximately be solved by using the local non-
similarity method at the second-level (Sparrow and Yu, 1971).
On the other hand, terms involving @S=@n, @u=@n, @G=@n,
@um=@n and @c=@n, etc., must be ignored. To this end,
Eqs. (20)±(24) will be transformed into ten ordinary di�eren-
tial equations, parameterized in n. Five additional di�erential
equations are obtained by di�erentiating Eqs. (20)±(24) with
respect to n and are written as

S000 � 3fS00 � 7Sf 00 ÿ 8f 0S0 � 4n��S0�2 ÿ S00S�; �26�
u00=PrL � 3f u0 � 7Sh0 ÿ 4f 0u � 4n�S 0uÿ u0S�; �27�

G000 � c� 3FG00 � 7GF 00 ÿ 8F 0G0 � 4n��G0�2 ÿ G00G�; �28�
u00m=Prm � 3F u0m � 7Gh00m ÿ 4F 0um � 4n�G0um ÿ u0mG�; �29�
c00=Sc� 3F c0 � 7G/0 ÿ 4F 0c � 4n�G0cÿ c0G�: �30�

The boundary conditions corresponding to Eqs. (20)±(24)
and Eqs. (26)±(30) are

f � f 0 � S � S0 � 0; h � hf at gL � 0; �31�

f 0 � F 0X1=2; �4nG� 3F �X1=4 � R�4nS � 3f �;

F 00X3=4 � Rf 00; GX1=4 � RS; G0X1=2 � S0;

G00X3=4 � RS 00; h � hi; / � /i at gL � gLd; �32�
hm ! 0; /! 0; F 0 ! 0; G0 ! 0 as gm !1; �33�

where hf � �Tf ÿ T1�=�T0 ÿ T1�, hi � �Ti ÿ T1�=�T0 ÿ T1� and
R � ��qLlL�=�qmlm��1=2

. The primes denote di�erentiation
with respect to gL for the liquid layer and to gm for the va-
por±gas layer.

Substituting Eqs. (17)±(19) into Eq. (11f) can yield the di-
mensionless equation of the energy balance at the liquid±vapor
interface as

Ja � ÿPrL�3f � 4nS� h0 ÿ kmcmh0m
kLcL

 !
at gL � gLd;

,
�34�

where Ja is the Jakob number and is de®ned as
Ja � cpL�T1 ÿ T0�=hfg:

Substituting Eq. (12) into Eq. (13) in conjunction with
Eqs. (18) and (19) yields

/0 � ÿSc�3F � 4nG��/� Wg1� at gm � 0: �35�
Di�erentiating Eq. (35) with respect to n yields

c0 � ÿ7GSc�/� Wg1� ÿ Sc�3F � 4nG�c at gm � 0: �36�
It is evident that the system of Eqs. (20)±(24) and (26)±(30)

together with boundary conditions (31)±(33) and (34)±(36)
constitutes a mathematical form for laminar ®lm condensation
of a mixture steam along the vertical plate ®n. However, the
solution of the boundary layer equations can be obtained when
hf�n� is speci®ed.

The thermal coupling between the conduction equation and
the energy equation in the liquid layer is expressed by the re-
quirement that the temperature and heat ¯ux must be contin-
uous at the ®n±liquid interface. These conditions are given as

Tf�x� � T �x; 0� �37�
and
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ÿ kL

@T
@y

����
y�0

� h�x��Tf�x� ÿ T1�: �38�

The substitution of Eqs. (16), (17) and (38) and the de®ni-
tion of hf in Eq. (31) into Eqs. (14), (15a) and (15b) can yield

d2hf�n�
dn2

� h��n�Nchf�n� �39�
and

dhf

dn
� 0 at n � 0; �40a�

hf � 1 at n � 1; �40b�
where Nc can be regarded as the thermal resistance ratio of ®n-
to-liquid. h� denotes the dimensionless local heat transfer coef-
®cient. They are de®ned as

Nc � L
kf t

kLcL �41�
and

h� � hL
kLcL

� ÿnÿ1=4 @h
@gL

� �
h

�
gL�0

� ÿ nÿ1=4 @h
@gL

� �
gL�0

,
hf�n�: �42�

The relation between the gas mass fraction at the liquid±va-
por interface Wgi and the partial pressure of the vapor pvi can
expressed as (Sparrow and Lin, 1964)

pvi=p � �1ÿ Wgi�=�1ÿ Wgi�1ÿMv=Mg��: �43�
Due to the fact that the liquid±vapor interface is a satura-

tion state, the relation between the interface temperature Ti

and the interfacial vapor pressure pvi for water vapor can be
expressed as

Ti � 3968

11:92ÿ ln�pvi� ÿ 232:9: �44�
Eq. (44) ®ts the data listed in the Steam Tables of the saturated
water to an accuracy of �5% for 5�C6 Ti6 374:14�C:

It is seen that n � 0 is a singular point for the present prob-
lem. To overcome this di�culty in the numerical calculation,
we assume that the variation in @h=@gL� �gL�0 from n � 0 to
n � Dn is small. Integration of Eq. (39) from n � 0 to n � Dn
in conjunction with Eqs. (40a) and (42) yields the approximate
values of dhf=dn and hf at n � Dn as

dhf

dn

����
n�Dn

� 4

3
Nc ÿ @h

@gL

� �
gL�0

�Dn�3=4 �45�

and

hf jn�Dn �
16

21
Nc ÿ @h

@gL

� �
gL�0

�Dn�7=4 � hf�0�: �46�

The discretized form of Eq. (39) in the interval Dn6 n6 1;
using the central ®nite-di�erence algorithm, is

hf ;i�1 ÿ 2hf ;i � hf ;iÿ1

�Dn�2 � Nch�i hf ;i; i � 1; 2; . . . ; nÿ 1; �47�

where hf;0 � hf�0� will be guessed, hf ;n � hf�1� � 1;
h�i � h��i=n�; n denotes the nodal number in the ®n.

4. Solution procedures

The computational procedures of the present problem are
listed in the following.

1. The initial guesses of hf�0� and gLd�Dn� are ®rst given for
the given set �T0; T1;PrL; Ja, Prm; km=kL; cm=cL; Sc, R; p; L;
Nc and Wg1�. Thus, the values of dhf=dn and hf at
n � Dn can be obtained from Eqs. (45) and (46). At the
same time, the boundary layer equations (20)±(24) and
(26)±(30) together with boundary conditions (31)±(33) and
(34)±(36) can be solved by using the fourth-order Runge±
Kutta method in conjunction with the Nachtsheim±Swigert
iteration scheme (Adams and Rogers, 1973) to ful®l the
boundary conditions at the vapor±gas interface. If the ener-
gy balance Eq. (34) at the liquid±vapor interface is not sat-
is®ed, a new guess for gLd�Dn� will again be made. The
entire calculation is repeated until Eq. (34) is satis®ed. Fur-
thermore, values of h��Dn� and gLd�Dn� can be obtained
from these computational procedures.

2. Values of h��Dn� and hf�Dn� obtained from step 1 are used
as input data for determining results at the next location.
The results of dhf=dn and hf at n � 2Dn can be obtained
from Eq. (47). However, h��2Dn� must be determined from
boundary layer equations. These computational processes
are continued until n � 1:

3. The secant method is applied to determine the approximate
value of hf�0� using the calculated results of hf�1� obtained
from two di�erent initial guesses of hf�0�: Steps 1 and 2 are
repeated later until hf ;cal�n � 1� ÿ 1

�� �� < 10ÿ3.
The local heat ¯ux along the condensing ®n q�x� can be ex-

pressed as

q�x� � ÿkL

@T
@y

����
y�0

� h�x��Tf�x� ÿ T1�: �48�

Substituting Eqs. (16) and (17) into Eq. (48) yields the dimen-
sionless form of q�x� as

q��n� � qL
kLcL�T0 ÿ T1� � ÿnÿ1=4 @h

@gL

� �
gL�0

: �49�

The numerical values of the overall ®n heat transfer rate Q
can be obtained by integrating q�x� over the condensing ®n.
However, all of the heat lost by the ®n must be conducted into
the ®n base at x � L; Thus, Q can be written as

Q � ÿ2kf t
dTf

dx

����
x�L

� 2kL

ZL
0

@T
@y

� �
y�0

dx: �50�

The dimensionless form of Q can be written as

Q� � Q
kLcL�T1 ÿ T0� �

2

Nc

dhf

dn

� �
n�1

: �51�

Assume that the ®n e�ciency E is de®ned as the ratio of the
actual condensation taking place on the ®n to the condensa-
tion rate estimated from the isothermal surface maintained
at its base temperature T0 and the classical Nusselt model in
the absence of the noncondensable gas. Thus, the ®n e�ciency
E can be written as

E � ÿkf t
dTf

dx

����
x�L

�
�hisoL�T1 ÿ T0��; �52�

where hiso denotes the heat transfer coe�cient at the isothermal
condition for a pure saturated vapor and is given as

hiso � �4kLcL=�3L���PrL=Ja�1=4
: �53�

The substitution of Eqs. (50), (51) and (53) into Eq. (52) gives

E � 0:375Q��Ja=PrL�1=4: �54�
For the convenience of numerical analysis, Mg;Mv;PrL;

Ja;Prm;R; Sc; p; L; T0 and T1 are taken as Mg � 28:97;
Mv � 18:02;PrL � 2:57; Ja � 0:11;Prm � 1:09; km=kL � 0:024;
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cm=cL � 52:41; R � 228:7; Sc � 0:59; p � 1 atm; L � 0:03 m;
T0 � 40�C and T1 � 100�C.

5. Results and discussion

Fig. 2 shows the distributions of /i �� Wgi ÿ Wg1� along
the vertical plate ®n for various Wg1 values and Nc� 3. Thus,
the buildup amount of the noncondensable gas at the liquid±
vapor interface Wgi along the ®n can be obtained from
Fig. 2. It can be observed from Fig. 2 that very high concen-
trations of the noncondensable gas build up at the interface
even though there are very small amount of the noncondens-
able gas in the bulk. This result agrees with that shown in
the work of Sparrow and Lin (1964). Fig. 2 also implies that
increasing the value of Wg1 can lead to the increase in the
amount of Wgi: On the other hand, the increase in the value
of Wg1 will cause the increase in the buildup amount of the
noncondensable gas at the interface along the condensing ®n.
Such a buildup of the noncondensable gas will lead to the re-
duction of the vapor pressure at the interface. It can be found
from Eq. (44) that the increase in the value of Wg1 will cause
the decrease in the interface temperature Ti and the thermal
driving force �Ti ÿ T0�: This result is shown in Fig. 3. In turn,
it also lowers condensation heat transfer due to the decrease of
the interface temperature Ti. This important ®nding is that the
interface temperature Ti decreases along the ®n and is not
equal to the ®n temperature. The above statement implies that
the assumption of Tf � Ti proposed by Coney et al. (1989) and
Panchal (1993) seems to be not very reasonable. It can be seen
from Figs. 3 and 5 that the di�erence between Tf and Ti in-
creases along the ®n for a ®xed Wg1 value and decreases with
increasing the value of Wg1.

Fig. 4 shows the distributions of the dimensionless local
heat ¯ux q� along the ®n for various Wg1 values and Nc� 3.
It is seen that the area under the q�-curve increases with de-
creasing the value of Wg1. On the other hand, the increase in
the value of Wg1 can lead to the decrease in the overall heat
transfer rate Q�.

The distributions of the dimensionless ®n temperature hf

for various Wg1 values and Nc� 3 are presented in Fig. 5. This
®gure shows that the value of the ®n temperature gradient at
n � 1 increases with decreasing the value of Wg1. Moreover,
based on the de®nition of hf , the above result also implies that

Fig. 3. Distributions of Ti along the ®n for various Wg1 values and

Nc � 3.

Fig. 4. Distributions of q� along the ®n for various Wg1 values and

Nc � 3.

Fig. 5. Distributions of hf for various Wg1 values and Nc � 3.

Fig. 2. Distributions of /i along the ®n for various Wg1 values and

Nc � 3.
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the smaller the value of Wg1; the higher the tip temperature of
the ®n.

Fig. 6 illustrates the distributions of the dimensionless local
heat transfer coe�cient h� along the condensing ®n for various
Wg1 values and Nc� 3. It is seen that the value of h� is not con-
stant along the vertical ®n and decreases with increasing the
value of Wg1. Obviously, this result is di�erent from the as-
sumption made by Coney et al. (1989) and Panchal (1993). An-
other interesting observation is that the area under the h�-
curve increases with decreasing the value of Wg1. This phe-
nomenon is similar to the ®gure of the q�-curve.

The distributions of q� along the ®n for various Nc values
and Wg1 � 0:003 are plotted in Fig. 7. The physical signi®-
cance of Nc indicates that the increase of Nc can be regarded
as the increase of the ®n thermal resistance. This statement im-
plies that the heat lost by the ®n will decrease with increasing
the Nc value. Thus, the increase in the value of Nc can cause
the decrease in the area under the q�-curve and makes the ®n
temperature become more nonisothermal, as shown in Figs. 7
and 8. On the other hand, decreasing the value of Nc can lower

the tip temperature of the ®n and leads to the increase in the
value of the ®n temperature gradient at n � 1:

The variation of the ®n e�ciency E with Wg1 for Nc� 3 is
shown in Fig. 9. It is seen that the ®n e�ciency decreases with
increasing the value of Wg1 because increasing Wg1 can lead to
the decrease in condensation heat transfer. The ®n e�ciency
for Wg1 � 0:004 is about 33.3% lower than that for Wg1 � 0
and is about 12.7% higher than that for Wg1 � 0:01: Obvious-
ly, the variation of E in the range 05Wg150:004 is greater
than that in the range 0:0045Wg150:01 for Nc� 3. The
above results show that a small amount of a noncondensable
gas in the bulk of the vapor can cause the signi®cant reduction
of the ®n e�ciency. The variation of E with Nc for various Wg1
values is shown in Fig. 10. The ®n e�ciency decreases with in-
creasing the value of Nc. It can be observed from Fig. 10 that
the reductions in the ®n e�ciency is about 29.2% for Nc� 0.4
and Wg1 � 0.003 and is about 15.5% for Nc� 0.4 and
Wg1 � 0.001. In addition, the di�erence of the ®n e�ciency be-
tween Nc� 0.4 and Nc� 2.0 is about 45.6% for Wg1 � 0.001
and is about 40.3% for Wg1 � 0.003. It is expected because
the increase of Nc can be regarded as the increase of the ®n
thermal resistance. Thus, decreasing the value of Nc can also
lead to the signi®cant reduction in the ®n e�ciency.

Fig. 7. Distributions of q� along the ®n for various Nc values and

Wg1 � 0.003.

Fig. 8. Distributions of hf for various Nc values and Wg1 � 0.003.

Fig. 6. Distributions of h� along the ®n for various Wg1 values and

Nc � 3.

Fig. 9. Variation of E with Wg1 for Nc � 3.
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6. Conclusions

The present study applies the local nonsimilarity method
and the central ®nite-di�erence method to solve the problem
of laminar ®lm condensation along a vertical plate ®n in the
presence of a noncondensable gas. Results show that the di-
mensionless local heat transfer coe�cient is not constant along
the ®n, and its value decreases with increasing the value of
Wg1. In addition, the ®n e�ciency increases with decreasing
the value of Wg1 or Nc. The presence of a small amount of
the noncondensable gas gives rise to a marked reduction in
the ®n e�ciency, especially for small Nc values, and the e�ect
of Nc on the ®n e�ciency is also pronounced. The di�erence
between the interface temperature and the ®n temperature in-
creases along the condensing ®n and decreases with increasing
the value of Wg1.
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